
MMP Learning Seminar
.

Week 36
.

Topics :

•• Diophantine approximation .

→ • Boundedness of extremal lengths .

→ • Effective bpf Theorem
.

→ •
MMP with scaling .

• Shonrorox 's polytopes .



3.7 . Diophantine approximations - R :X→ spec CME ) .

/Notation : te :X→ -0 projective morphism
- of normal quasi

- projective varieties
.

| holds over -0 : morphism to V making all diagrams
in the picture commute III _- 11¥

,
char 1¥ - o.

Lemma 3.7.5 .
(✗ill - A-+B) log canonical

,

Ako and 830 .

Assume Bt CA /V ) does not contain non - nett centers of Cx,a)

(Xiao ) is It for some do . Then , we may find a * lb

pair
CX

, d
'
- A' + B' 1

,
where A' 20 general ample d-tie

over -0 . B' 20
, kxi-LY~p.ro 18×+0

.

- 0-

Def : B+ CLI = Minori Bscml -A)

for some ample A.

13+41 EX , then L is big .

- O-

Idea, A - Ao +Eo
, Eo does not contain non- netflix.LY

A' = Ao & B
'
_- Bt Eo.



Rational curves of low degree .

Theorem (Mori 1982 ) : ✗ smooth pro, variety with

-Kx ample .
Then

, through any point xox ,
there

is a rational curve C with :

0 E
- Kx

.
C E Jim ✗ +2

.

Theorem ( Kawamata
,
1998 ) :

g :X→ Y projection
(Xia ) log terminal & -Ckxot ) is g- ample
Them every

irreducible component of the Excg ) ,

is covered by a. family of comes { Calica so that

gccx ) are points and - ckxtal.CA fan

for every DELI and a- time ,
the irreducible

comp .

Lemma : H g- ample
Cartier , n- time and .

ii. E- → E normalization ,
then

Hm '
- ( Kx +d) - E > G- HIM . HE .



Sketch of Kawamata 's proof :

To C- T
generic

linear section with codim-dimgl.ES
Xo -g-

'Cto )
, go : To

→ Xo
, H

go
- ample

Cartier , Ki Eo - Eo .

C. = int of Cn -11 general elements of ln*Hl

µ - - ✗
* (Kitts ) ample Garber

on Eo .

By Lemmer Jago Creole ) < C-M.CI -o .

If n - 1 , since R'go ☒ -0 , we have

C- Eo - Eo - B'
'
and -Chantal - C < 2.

not

Replace H with MH .

and assume Cis rational

KM Thm 1.3
. for any

KEG there exists a rational

curve L on EJ passing through xs.tv

M.LI 2h -¥⇐÷ < an -

☐



Question , R extremal 116×+41 - negative ray .

LCR) - min { -www.c/cirreturbleanae}
ICIER

.

Boundedness of extremal lenghts . LCR) Ezdimx .

Fix dimension n
,
tactile the set of all possible LCR )

.

(0,2h]

3.8.1
.

Theorem : Ext ) log caromed
,

texted IR- Grbren

Suppose 7 do ns.t (✗No) is rit .

R a Ckxtl ) -neg extremal ray .
then there exists

a rational curve I'
spanning

R
,
s -t

0 C -CK×t<) - I' 2- 2h
.

Here
, n - Jinx .

Sketch : is Replace with kltcx.LI )

iil Assume - Ckx +d) is ample over the bar

iii ) approximate 21<-21 : rational .

in produce Eli with - Ckx tail . Ii I 2h .



Sketch : is Replace with kltcx.LI )

iil Assume - Ckx +d) is ample over the bar

iii ) approximate 21<-21 : rational .

in produce Eli with - Ckx tail .FI I 2h .

v1 Per A ample so that

- (Kxtd+A ) is ample

Under these conditions
, we will have A. Iiis zn

A. I'i-wx-fgii-AIEii-lkxtdil.E.li
< 2h

-

Assume I' - Ii stabilizes .

- CK×+d) . If = /im - (k×+d ;) - Iii
i

- Ign - Atx +4:) - I' E 2h .

☐
'



Corollary 3.8.2 . (X , 4=1++137 .

Ic

Asso ample IR-Jiu over -0 , and 830

Assume CX , do) is Klf for some do > o
.

Then , there are only finitely many @✗+01 -neg

extremal
rays

Rs
,
- -

r
, Rio .

Proof : R a Arita) - ng
extremal ray.

- Chex +8) .R= -Ck×t< 7.Rt A. Rao

Ii spamming
R for which - (Kitts) .Ei £2k

A. Ii = - Christ B) - I! + CKxtdl.IE 2h .

I
'

belongs to a bounded family .



R: ✗→ 0 .

Effective base point free theorem :

Theorem 3.9.1 : Fix nethso
.
There exists Mao :

R-0/ AD - Ckx+a ) net & by .

for some aw where 1×14) is hot & Jim ✗ =n .

Then D is semisimple over -0 . and if OCD is Cartier
,

then mad is globallygenerated over -0.

Proof : O affine , D- Ckx +d) Trio A- + B

replace CX.LI ) us CX.at EB )

upset
D- (Kx+dteB ) = (1- E) (D- Gt×+dJ) +

IF ECD - thx t.at B ))
-

ample IR.UA .

Assume D- Ckx +217 ample

Replace us 21
' to assume is a ② - tneisors .



Pico A ample s.li . D- (16×+0+14) ample ,

replace CX.at with CX.atA)

To.
Assume 4 is big .

Apply 3.8.2 .
there are only finitely many

Okita ) - neg

extremal rays Rs
.
. .

-

, Rr of NICKO) .

F- {de ÑECX ) I D- ✗ -01
.

✗ c-F
,
then (15×+21)-2<0

, ✗ is spanned by
some of the Ri's .

F-= smallest d- affine space of Wdiv CX) containing D.

Then le - { BEN / B -2-0 , Ha c-F) is rational.

This means that we can write
.

☐ - I? rp Dp - rp are areal number .
I

so that each Dp is nef Cartier and Dp - (Kota) is ample

We conclude Dp are semisimple t if ate is Cartier
, then

made is bpf .
☐

•

Corollary, LX.LI ) KH , I big .
then a min motel is a good min model.



Corollary, LX.LI ) KH , I try .
then a min motel is a good min model.

Proof : (Xia ) - - → (✗ '

od
' ) ↳

'

try .

Kato '
is net -

Kx ' th '

Ther Kx ' + A' + B '

f %

semisimple ample

A
'
-

no Ckxitl
' ) - (16×1+131)=

ample .

Kx ' +I
'

is ocmiiinpk so is afoot minimal motel ☐
.



MMP with scaling :

Lemma 3.7.10 : IX.AtB) KIT , A 70 big & Bao
.

☐ net Carter over 0 ,
Kato is not net over V. Set

A- up { µ / ☐ + µCkx+d ) net over -0}

Then
,
there exists a (16×+4) - neg extremal ray R

over -0 s.to . (Dtd (Kxtd )) -R -o.

or
^

Net cone .

I • hrxtd not net .

Proof : By (3-7-5)
, we may assume A ample .

Only finitely many Chrxtd ) - ng
extremal rays Rs

.
. .
. . Rr over -0

.

Iii generate Rs .



Proof : By (3-7-5)
, we may assume A ample .

Only finitely many Chrxtd ) - ng
extremal rays Rs

.
. .
. . Rr over -0

.

Iii generate Ri . Let

D.Ii

¥-4 min -
i

- CKxtd) . Ilir

☐ + µlkx+d ) net over -0 -

. Furthermore
,
the intersection

C is Ckxtd ) - non neg
with at least one of the Ei 's

is zeroC is Christa ) - ng ☐ .

HMP with scaling . (Assume existence of flips ) .

C net Cartier divisor .

IX. dtc-EFAT-Etcl.dk parr Lab - s .

A > o by tremor at . 13+(1+10) does not contain

strata of S . 1320 .



HMP with scaling . (Assume existence of flips ) .

C net Cartier divisor .

IX. dtc-EFAT-Etcl.dk parr Lab - s .

A > o by tremors .t . 13+(1+10) does not contain

strata of S . 1320 .

(k×+d ) -
neg

extremal
ray

which is Christa + Kc ) - trivial

✗ I:X, ¥ . × ,
# Xa -
¥

. . .

Ii = ④i - e)* di -s ,
and G- = Coli - 1) * Co - 1 .

ffxit dit di Ci hef over -0 and we have a sequence

of real number 13 de biz 2- - .

Remarks : It preserves
the Jlt condition

.

Remus 2 : It preserves the condition on Bt larks

☒É→¥i
"

non - hello locus



Shakuni 's polytopes :

CALVI , NACU )

Er
(✗id ) let 15×+4 net .

> A

D= A- +B

log canonical

(✗ id )



te :X→ V.Shorsuroie's Polytopes ,

Thm 3.11.1 : NEWDiy ,pf× ) finite Jim over 0h
.

⑥ - ample tremor A- over V. (✗ idol is tilt for

some do . The set of hyperplanes Rt is finite

in [ACID as R ranges oyer extremal rays of NETXN).

In particular , Nancy ) is arabonalpolyl.no# "

/ \ / LaanÉÉ÷¥ .

Proof : LACK) compact . It suffices to
prove locally around

IG LACXZ

Assume (X /d) . Fix Ezo at if c- LACX)

and 1121 - I'll < E ,
then - +A /2 is ample over 0.

R is extremal with Ckx + ☒-0 ,
C-LAG)

21=11-+13
110-4111 < E . We have 21=9-121-13 .

É- = (16×+4) - R - (211-4+1+12) - R <0
☐ .


